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AND THEIR MINIMAL FIELDS OF DEFINITION
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Abstract. Zarhin has extensively studied restrictions placed on the endomor-
phism algebras of Jacobians J for which the Galois group associated to their
2-torsion is insoluble and “large” (relative to the dimension of J). In this paper
we examine what happens when this Galois group merely contains an element of
“large” prime order.
1. Introduction
Let K be a number field, and f ∈ K[x] a polynomial of degree n with no repeated
roots. Let Cf be a smooth projective model of the smooth affine curve
y2 = f(x).
Denote the Jacobian of Cf by Jf , and the splitting field of f by K(f).
Zarhin has extensively studied restrictions placed on the endomorphism ring of Jf ,
when the Galois group Gal(f) = Gal(K(f)/K) is insoluble and large with respect to
g, the dimension of Jf [Zar00] [Zar01] [Zar05]. As part of an algorithm to compute the
endomorphism algebra of a genus 2 Jacobian, Lombardo proves that if f is irreducible
and has degree 5, then Jf is absolutely simple [Lom19, Proposition 4.7].
Inspired by the results of Lombardo and Zarhin, we investigate restrictions placed
on the endomorphism algebra of Jf when Gal(f) is soluble and contains an element
of “large” prime order. Most of our results in fact hold for more general abelian
varieties, but for the sake of exposition we state them in this section for odd degree
hyperelliptic Jacobians.
We write End(Jf ) for the ring of K¯-endomorphisms of Jf and End0(Jf ) =
End(Jf )⊗ Q for its endomorphism algebra. We denote by ζn a primitive n-th root of
unity.
Theorem 1.1. Let p = 2g + 1 be a prime such that 2 is a primitive root modulo p.
Suppose f ∈ K[x] is irreducible of degree p. Then one of the following holds:
(1) E := End0(Jf ) is a number field, and both
a) 2 is totally inert in E/Q,
b) the order End(Jf ) is 2-maximal in E.
(2) Jf is isogenous over K¯ to the self product of an absolutely simple abelian
variety with complex multiplication by a proper subfield of Q(ζp).
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2 PIP GOODMAN
We prove the above theorem in a more general context in §2, see Theorem 2.9.
When the dimension of Jf is odd, we are able to relax the condition on the order of 2
modulo p.
Theorem 1.2. Let g be odd, and p = 2g+1 a prime such the index of 〈2〉 in (Z/pZ)∗
is at most 2. Suppose f ∈ K[x] is irreducible of degree p. Then one of the following
holds:
(1) E := End0(Jf ) is a number field, and either
a) 2 is totally inert in E/Q, or
b) there are two distinct primes above 2 with equal inertia degree in E.
(2) Jf is isogenous over K¯ to the self product of an absolutely simple abelian
variety with complex multiplication by a proper subfield of Q(ζp).
Furthermore, if 〈2〉 = (Z/pZ)∗, then case 1b) does not occur.
Again, we prove a more general statement in §2, see Theorem 2.15. We also prove
the following extension of Lombardo’s result mentioned earlier. For the more general
case of abelian surfaces, see Theorem 2.10.
Theorem 1.3. Let f(x) ∈ K[x] be an irreducible polynomial of degree 5. Then one
of the following holds:
(1) End(Jf ) ∼= Z.
(2) End(Jf ) ∼= Z[1+r
√
D
2 ], where D ≡ 5 mod 8, D > 0 is square-free and 2 - r.
(3) End(Jf ) ∼= R, where R is a 2-maximal order in a degree 4 CM field, which is
totally inert at 2.
In particular Jf is absolutely simple and does not have quaternion multiplication over
K¯.
Example 1.4. Keeping the notation of Theorem 1.3, we have the following examples:
Gal(f) End(Jf ) f(x)
D5 Z[1+
√
13
2 ] x
5 − 19x4 + 107x3 + 95x2 + 88x− 16
F5 Z[1+
√
5
2 ] x
5 + 10x3 + 20x+ 5
F5 Z[ζ5] x5 − 2
F5 R −52x5 + 104x4 − 104x3 + 52x2 − 12x+ 1
where R is the maximal order of the CM number field with defining polynomial
x4 + x3 + 2x2 − 4x+ 3. We note that this field is cyclic, ramified only at 13, and 2
generates a maximal ideal.
Specifying the Galois group of f , we are able to refine Theorem 1.3. The proof
of the following theorem follows from Corollary 3.5, Propositions 3.7 and 3.11, and
Corollary 3.12.
In the following, we denote by L the minimal extension of K over which all
endomorphisms of Jf are defined. It is well-known that L/K is finite and Galois
[Sil92, Theorem 4.1].
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Theorem 1.5. Let f(x) ∈ K[x] be a polynomial of degree 5.
(1) Suppose Gal(f) ∼= F5. The following hold:
(i) If End0(Jf ) is a real quadratic field, then L is the unique degree 2
extension of K contained in K(f).
(ii) If End0(Jf ) is a degree 4 CM field, then it is cyclic and L is the unique
degree 4 extension of K contained in K(f).
(2) Suppose Gal(f) ∼= D5. If End0(Jf ) is a degree 4 CM field, then L contains
the unique degree 2 extension of K contained in K(f).
(3) Suppose Gal(f) ∼= C5. Then [L : K] ≤ 2. Furthermore, if End0(Jf ) is a degree
4 CM field, then K contains a real quadratic field with discriminant congruent
to 5 modulo 8.
In particular, if Gal(f) ∼= F5, then we have an explicit list, depending on f , for all
possible L.
Remark 1.6. The assumption that f has odd degree is essential in the proof of (1)
and (2) of the above theorem, but not (3).
Remark 1.7. As the natural action of F5 contains odd permutations, we have in
case (1i) that L = K(
√
∆f ), where ∆f denotes the discriminant of f .
Example 1.8. Using the above remark along with magma we produced the table
below of examples of case (1i) in Theorem 1.5. Indeed, all polynomials f(x) listed
are of degree 5, have Galois group F5 over Q and satisfy End(Jf ) ∼= Z[1+
√
5
2 ].
Minimal field of definition f(x)
Q(
√
2) x5 − 14x3 − 84x2 + 81x− 28
Q(
√
5) x5 − 5x3 + 5x2 − 4
Q(
√
13) x5 − 4x3 − 46x2 − 44x− 194
Q(
√
17) x5 − 2x4 + 67x3 − 250x2 + 488x− 235
Q(
√
29) x5 − x4 + 4x3 + 106x2 − 97x+ 669
Q(
√
41) x5 − x4 + 29x3 − 1025x2 − 3154x− 17714
Q(
√
53) x5 − x4 + 54x3 − 167x2 + 1018x− 69
The examples provided in this paper come from either [LMF18] or were computed on
magma [BCP97] using code from Molin and Neurohr’s article [MN19] and polynomials
found in [JLY02].
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2. Upper bounds on endomorphism rings
In what follows K is a number field, A is an abelian variety over K of dimension g
and l ∈ Z is a prime. If B/K is also an abelian variety, then we say A is isogenous to
B and write A ∼ B to mean A is isogenous to B over K¯. We denote by End(A) the
ring of K¯-endomorphisms of A and End0(A) = End(A) ⊗ Q for its endomorphism
algebra.
The absolute Galois group GK = Gal(K¯/K) acts on End(A) and hence on End0(A).
Its invariant subspace End(A)GK = EndK(A) is the ring of K-endomorphisms of A.
Likewise we write End0(A)GK = End0K(A).
Lemma 2.1. Let O be an order in a division algebra E = O ⊗ Q of dimension nm2
over Q, where n = [Z(E) : Q]. Then any division algebra contained in O ⊗ Z/lZ has
dimension less than or equal to nm over Fl.
Proof. Let R ⊆ O ⊗ Z/lZ be a division algebra of maximal dimension. As R is a
finite division algebra, we have by Wedderburn’s Theorem that R ∼= Fld for some d.
Hence, the elements of R have minimal polynomials of degree at most d over Fl.
Let a ∈ O. Then Z(E)(a) is a field, so has dimension over Q less than or equal to
nm [FD93, Corollary 3.17, page 96]. Hence the minimal polynomial of a over Q has
degree at most nm. Since this must be also hold true for the image of a in O⊗ Z/lZ,
we obtain d ≤ nm. 
Lemma 2.2. Suppose E := End0K(A) is a number field and GK = Gal(K¯/K) acts
irreducibly on A[l]. Then both
(1) l is totally inert in E/Q.
(2) The order EndK(A) is l-maximal in E.
Proof. Let λ be a prime above l in E. As we are considering endomorphisms defined
over K, we have A[λ] is a non-zero GK submodule of A[l]. But GK acts irreducibly
on A[l], so A[l] = A[λ] thus l is totally inert in E/Q.
It remains to show EndK(A) is an l-maximal order in E. To this end, note that
as GK = Gal(K¯/K) acts irreducibly on A[l], Schur’s Lemma gives us that the
endomorphism algebra EndK(A[l]) = End(A[l])GK is a division algebra. Furthermore,
EndK(A[l]) is finite, so by Wedderburn’s Theorem it is a field. Hence the subalgebra
R := EndK(A)⊗ Z/lZ of EndK(A[l]) is also a field. Thus R ∼= Fld for some d. Hence
R contains elements of degree d, so EndK(A) contains algebraic integers of degree d
whose image in R also have degree d. Let α ∈ EndK(A) be one such element, and µ
be its minimal polynomial. Then as Z[α]⊗Fl ↪→ R ∼= Fld , and Z[α]⊗Fl has dimension
d over Fl, we obtain that Z[α]⊗ Fl ∼= Fld . Note that α⊗ 1 satisfies µ¯, the reduction
of µ modulo l, and as α⊗ 1 has degree d over Fl, we have that µ¯ is irreducible. Since
Fl is a perfect field, µ¯ does not have repeated roots, hence l - disc(µ). Thus Z[α] is
an l-maximal order in E, and so is EndK(A). 
Proposition 2.3. Let l ∈ Z be prime. Suppose that GK = Gal(K¯/K) acts irreducibly
on A[l], the l-torsion of A. Then the following hold:
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(1) E = End0K(A) is a number field.
(2) l is totally inert in E/Q.
(3) The order EndK(A) is l-maximal in E.
In particular, A is simple over K and does not have quaternion multiplication over
K.
Proof. As GK = Gal(K¯/K) acts irreducibly on A[l], Schur’s Lemma gives us that the
endomorphism algebra EndK(A[l]) = End(A[l])GK is a division algebra. Furthermore,
EndK(A[l]) is finite, so by Wedderburn’s Theorem it is a field. Hence the subalgebra
R := EndK(A) ⊗ Z/lZ of EndK(A[l]) is also a field. It follows that E = End0K(A)
contains no idempotents, and hence is a division algebra. By Lemma 2.1, E is a
number field. We may now apply Lemma 2.2 to conclude.

We now briefly discuss the minimal field of definition for the endomorphisms of an
abelian variety.
The action of the absolute Galois group GK on End(A) induces a representation
GK → Aut (End(A))
with kernel Gal(K¯/L), where L is the minimal extension of K over which all en-
domorphisms of A are defined. In particular, we obtain an injection of abstract
groups
Gal(L/K) ↪→ Aut (End(A)) .
Thus if Gal(L/K) is large with respect to g, the dimension of A, then one might
expect the structure of End(A) to be constrained. The following proposition shows
this is indeed the case. But first, we need a couple of lemmas.
For a division algebra E, we shall write GLd(E) for the invertible elements in
Md(E), and PGLd(E) for the quotient of GLd(E) by its centre.
Lemma 2.4. Let E be a division algebra, and F a maximal subfield of E. Write
m = [E : F ]. Suppose PGLd(E) contains an element M¯ of order n, with n coprime
to md. Then GLd(E) contains an element of order n.
Proof. Let M be a lift of M¯ to GLd(E). We have Mn = kId for some k ∈ Z(E)∗.
Taking the reduced norm gives us Nrd(M) = kmd/n ∈ Z(E)∗. As n is coprime to md,
there exists some c ∈ Z(E)∗ such that cn = k. The element 1cM ∈ GLd(E) then has
order n. Indeed, (1cM)
n = Id, and if (1cM)
n′ = Id for some n′ < n, then M¯ would
not have order n. 
Lemma 2.5. Let p = 2g + 1 be prime, d a divisor of g, and E be a division algebra
of dimension less than or equal to 2g/d over Q. Suppose AutQ(Md(E)) contains an
element of order p. Then E is a subfield of Q(ζp) and has degree 2g/d.
Proof. Let σ ∈ AutQ(Md(E)) be an element of order p. This element acts trivially
on Z(E), the centre of E, as Aut(Z(E)/Q) has order less than p. Thus σ belongs to
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AutZ(E)(Md(E)), which by the Skolem-Noether Theorem, is isomorphic to PGLd(E).
Applying Lemma 2.4, we obtain an element of order p in GLd(E).
Let F be a maximal subfield of E, thenMd(E)⊗F ∼= Mmd(F ), where m = [E : F ],
see [FD93, Corollary 3.17, page 96]. Hence we have an element σ¯ of order p in
GLmd(F ). The Galois group Gal(Q(ζp)/Q(ζp)∩F ) faithfully permutes the eigenvalues
of σ¯, which gives us that |Gal(Q(ζp)/Q(ζp) ∩ F )| ≤ md. But
2g = [Q(ζp) : Q] = [F : Q]|Gal(Q(ζp)/Q(ζp) ∩ F )|
from which it follows that F isomorphic to the field of dimension 2g/md over Q
contained in Q(ζp). In particular every maximal subfield of E is isomorphic. But
non-commutative division algebras have non-isomorphic maximal subfields [Sch68,
Theorem 5.4], thus E = F is a field. 
Proposition 2.6. Suppose p = 2g + 1 is a prime divisor of [L : K]. Then A is
isogenous over K¯ to the self product of an absolutely simple abelian variety with
complex multiplication by a proper subfield of Q(ζp).
Proof. By enlarging K we may assume [L : K] = p. By [Sil92, Proposition 4.3], the
dimension of End0(A) over Q is at least p, and so in particular A is not absolutely
simple. Let B be a simple factor of AK¯ , so that A ∼ Bd × C over K¯ and C has no
factor isogenous to B. Let σ be a generator of Gal(L/K). Then σ fixes Bd, since Bσ
is isogenous to B as Aσ = A contains the orbit of σ on B, and A has dimension less
than p. In particular, Bd is defined over K.
Observe that for ϕ ∈ End(Bd), we have ϕσ ∈ End((Bd)σ) = End(Bd). Furthermore,
as σ acts non-trivially on End(A), we may, after possibly exchanging B for a different
simple factor of AK¯ , assume σ acts non-trivially on End(Bd). Thus L is the minimal
extension of K over which the endomorphisms of Bd are defined. By [Sil92, Theorem
4.1] the dimension of Bd is at least g. Thus we find that A ∼ Bd. Since dim(A) =
dim(Bd) = ddim(B), we have dim(B) = g/d. Furthermore, as A is not absolutely
simple we must have d > 1.
Albert’s Classification [Mum70, Page 202] tells us that E = End0(B) has dimension
less than or equal to 2g/d over Q, so by Lemma 2.5, E is a subfield of Q(ζp) of
degree 2g/d. Finally, we observe B is a CM abelian variety as E is a field and
[E : Q] = 2 dim(B). 
We shall use the following corollary in our proof of Theorem 1.3. We note that
it may be deduced from results of [FKRS12] (see also [Lom19, Definition 2.7] for a
summary), since they show the minimal field L/K over which all endomorphisms of
an abelian surface are defined is an extension of K with degree dividing 48. Likewise,
another proof of this fact was given in [GK17]. But for the convenience of the reader
we provide a direct proof using Proposition 2.6.
Corollary 2.7. Suppose g = 2, then 5 does not divide [L : K].
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Proof. Suppose 5 divides [L : K]. Then by Proposition 2.6, A is isogenous to the
square of an elliptic curve with CM by a proper subfield of Q(ζ5). But all proper
subfields of Q(ζ5) are totally real, so we have a contradiction. 
Our next lemma provides us with a useful criterion for the action of GK on A[l] to
be irreducible.
Lemma 2.8. Let l and p be primes and suppose the multiplicative order of l modulo
p is s > 1. Let V be a faithful representation of Z/pZ over Fl. Then V is irreducible
if and only if V has dimension s.
Proof. As l - p, we may assume, by applying Maschke’s Theorem, that V does not
contain any copies of the trivial representation. The smallest extension of Fl which
contains an element of multiplicative order p is Fls . It follows that Fls is the smallest
extension of Fl over which all irreducible characteristic l representations of Z/pZ
are linear. The Fls [Z/pZ]-module V ⊗ Fls is thus a sum of irreducible faithful linear
representations of Z/pZ. As the character attached to V takes values in Fl, the Galois
group Gal(Fls/Fl) permutes the irreducible constituents of V , so V has dimension ms
for some m. Furthermore, as Schur indices in positive characteristic are trivial [Isa94,
Theorem 9.14], we find that each orbit under the action of Gal(Fls/Fl) is an irreducible
Fl[Z/pZ]-module. Thus m is equal to the number of irreducible Fl[Z/pZ]-modules in
V . 
Theorem 2.9. Let l and p = 2g + 1 be primes with l a primitive root modulo p.
Suppose Gal(K(A[l])/K) contains an element of order p. Then one of the following
holds:
(1) E := End0(A) is a number field, and
a) l is totally inert in E/Q.
b) The order End(A) is l-maximal in E.
(2) Gal(L/K) contains an element of order p, and A is isogenous over K¯ to the
self product of an absolutely simple abelian variety with complex multiplication
by a proper subfield of Q(ζp).
Proof. Suppose p does not divide [L : K]. Then Gal(L(A[l])/L) contains an element
of order p. The action of Gal(L(A[l])/L) on the 2g = p− 1 dimensional vector space
A[l] over Fl is faithful, and thus irreducible by Lemma 2.8. Applying Proposition 2.3
we deduce the first case.
Suppose now p divides [L : K]. Then Gal(L/K) contains an element of order
p = 2g + 1, so we can apply Proposition 2.6 to conclude. 
Theorem 1.1 now follows by taking l = 2 and observing that Gal(K(f)/K) =
Gal(K(Jf [2])/K), see [Zar01, Theorem 5.1].
Theorem 2.10. Suppose g = 2, and Gal(K(A[2])/K) contains an element of order
5. Then one of the following holds:
(1) End(A) ∼= Z.
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(2) End(A) ∼= Z[1+r
√
D
2 ], where D ≡ 5 mod 8, D > 0 is square-free and 2 - r.
(3) End(A) ∼= R, where R is a 2-maximal order in a degree 4 CM field, which is
totally inert at 2.
In particular A is absolutely simple and does not have quaternion multiplication over
K¯.
Proof. Observe 2 is a primitive root modulo 5, so we may apply Theorem 2.9.
Furthermore, by Corollary 2.7, we are in the first case of Theorem 2.9. Thus E =
End0(Jf ) is a field, 2 is totally inert in the extension E/Q, and End(Jf ) is a 2-maximal
order in E.
As E = End0(Jf ) is a field, we have [E : Q] divides 2dim(Jf ) = 4. If [E : Q] = 1,
then we are in case 1. If [E : Q] = 4, then E is a CM field.
If [E : Q] = 2, then we may write E = Q(
√
D) for some square-free D. Since 2 is
totally inert in the extension E/Q, we find that D ≡ 5 mod 8. The centre of the
endomorphism algebra of an abelian surface cannot contain an imaginary quadratic
field (see §4 of [Shi63]), so we have D > 0. Finally as D ≡ 1 mod 4, and End(Jf ) is
a 2-maximal order, we find End(Jf ) ∼= Z[1+r
√
D
2 ] with 2 - r. 
It is clear that Theorem 1.3 follows from Theorem 2.10, since if f ∈ K[x]
is irreducible and has degree 5, then the Jacobian Jf is an abelian surface and
Gal(K(f)/K) = Gal(K(Jf [2])/K) contains an element of order 5.
We now start working towards the proof of Theorem 1.2.
Lemma 2.11. Let l and p = 2g + 1 be distinct primes such that g is odd and the
multiplicative order of l modulo p is g. Let V be a symplectic space of dimension 2g
over Fl, and ρ : Z/pZ→ V a faithful representation which preserves the symplectic
pairing on V .
Then there exist irreducible non-isomorphic Fl〈σ〉-submodules U,W ⊆ V of dimen-
sion g such that V = U ⊕W .
Proof. Let σ denote a generator of Z/pZ. As V is a faithful Fl〈σ〉-module, and σ has
prime order p 6= l, there exists U a faithful irreducible Fl〈σ〉-submodule of V which
by Lemma 2.8 has odd dimension g. By Maschke’s Theorem we have a decomposition
of Fl〈σ〉-modules V = U ⊕W . As U is irreducible it follows from [BG16, Lemma
3.1.6] that U is a totally singular subspace of V . In order to preserve the pairing, we
have that if σ acts on U as the matrix M , then σ acts on W as (MT )−1 (see [BG16,
Lemma 2.2.17]). Thus σ acts irreducibly on U and W .
It rests to show U and W are not isomorphic as Fl〈σ〉-modules. Indeed, suppose
they were, so we have ϕ : U →W an isomorphism of Fl〈σ〉-modules. Let u ∈ U ⊗ F¯l
be an eigenvector of M with eigenvalue µ ∈ F¯l. Then by extending ϕ linearly to an
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F¯l homomorphism, we have
µϕ(u) = ϕ(µu)
= ϕ(Mu)
= ϕ(σu)
= σϕ(u)
= (MT )−1ϕ(u).
But as g and |σ| are odd, (MT )−1 and M have no common eigenvalues [BG16,
Lemma 3.1.13]. Thus we have a contradiction. Hence U and W are not isomorphic as
Fl〈σ〉-modules. 
The following lemma is Proposition 1.3 of [Rém].
Lemma 2.12. Let A and B be abelian varieties defined over K, and ϕ : A→ B an
isogeny. Suppose End0(A) = End0K(A). Then ϕ is defined over an extension of K of
(relative) degree dividing the order of the torsion subgroup of the centre of End0(A).
Lemma 2.13. Suppose g is odd and End0(A) = End0K(A). Furthermore, suppose
Gal(K(A[2])/K) contains an element σ of prime order p = 2g + 1 such that A[l] =
U ⊕W as Fl〈σ〉-modules, where both U and W are irreducible of dimension g.
Then the endomorphism algebra of A is not isomorphic to the product of two
division algebras.
Proof. We first show any non-zero GK submodule of Vl(A) = Tl(A)⊗Q has dimension
g or 2g. Let M be the intersection of Tl(A) with a non-zero GK submodule of Vl(A).
The image M [l] of M in A[l] is a non-zero GK module, and thus equal to one of U ,
W , and A[l]. It follows that M has dimension g or 2g.
Suppose End0(A) ∼= D1×D2, for some division algebras D1, D2, so A is isogenous
to a product of non-isogenous, absolutely simple, abelian varieties B×C. As dim(B×
C) = g is odd, one of B and C, has dimension less than or equal to g−12 and the
other has dimension at least g+12 . Thus GK must fix both B and C, so B and C are
defined over K, and in particular Vl(B × C) contains a non-zero GK submodule of
dimension less than g. We shall show this is not possible.
Due to B and C being simple we have the bound
dimQ(End
0(B)), dimQ(End
0(C)) ≤ 2(g − 1)
from which we deduce neither the centre of D1 nor the centre of D2 can contain a p-th
root of unity. Thus by Lemma 2.12 we may, after replacing K by a finite extension of
degree not divisible by p, assume A is isogenous to B × C over K. But this implies
there is an isomorphism of GK modules Vl(A) ∼= Vl(B × C), which is not possible
since Vl(A) has no non-zero GK submodule of dimension less than g. 
Theorem 2.14. Suppose g is odd, p = 2g+ 1 is prime and the order of l modulo p is
g. Suppose A/K is principally polarised and p divides the order of Gal(K(A[l])/K).
Then one of the following holds:
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(1) E = End0(A) is a number field, and either
a) l is totally inert in E/Q, or
b) there are two distinct primes above l with equal inertia degree in E.
(2) Gal(L/K) contains an element of order p, and A is isogenous over K¯ to the
self product of an absolutely simple abelian variety with complex multiplication
by a proper subfield of Q(ζp).
Proof. If the minimal extension L/K over which all endomorphisms of A are defined
has degree divisible by p, then by Proposition 2.6 we are in case 2.
Suppose now the extension L/K does not have degree divisible by p. By enlarging
K, we may assume K contains L, Gal(K(A[l])/K) is cyclic of order p generated by
an element σ, and in particular End0(A) = End0K(A).
As A is principally polarised, the Weil pairing is a symplectic pairing on A[l].
Furthermore, A[l] is a faithful Fl〈σ〉-module, so we may apply Lemma 2.11. Thus
A[l] = U ⊕W , where U and W are irreducible non-isomorphic Fl〈σ〉-modules of
dimension g over Fl. Hence we have the following decomposition End(A[l])〈σ〉 =
End〈σ〉(A[l]) = End〈σ〉(U) ⊕ End〈σ〉(W ). By Schur’s Lemma, we have that both
End〈σ〉(U) and End〈σ〉(W ) are division algebras. It follows that End(A[l])〈σ〉 contains
exactly two non-trivial idempotents.
Let us now consider End(A)⊗Z/lZ, a subalgebra of End(A[l]) = End(A[l])〈σ〉. By
the above End(A)⊗Z/lZ, and hence End(A), contains exactly zero or two non-trivial
idempotents. If End(A) contains no non-trivial idempotents, then A is absolutely
simple. Let us show that this is always the case. Suppose End(A) contains two
non-trivial idempotents. Then A ∼ B×C for some absolutely simple abelian varieties
B,C. But this implies End(A) is isomorphic to the product of two division algebras,
which is not possible by Lemma 2.13.
So far we have proven that E = End0(A) is a division algebra, and End(A)⊗Z/lZ
contains a field of dimension at least 12 [E : Q], so by Lemma 2.1, we have [E : Z(E)] ≤
4. Thus either E is a number field, or E is a quaternion algebra over Z(E) [FD93,
Exrecise 31, page 106]. But the later is not possible since g is odd.
Let us now show the conditions on the primes above l. Let λ be a prime above l
in E. Then A[λ] is a non-trivial Fl〈σ〉-submodule of A[l] = U ⊕ V . Thus A[λ] must
intersect at least one of U and V non-trivially, say U . By irreducibility of U we have
U ⊆ A[l]. If A[λ] also intersects V non-trivially, then for the same reason, we find
V ⊆ A[λ], and so A[λ] = A[l] which implies l is totally inert. Else, A[λ] = U and l is
not totally inert. In this second case, let us first note that l is not ramified since, U
and V , the Jordan-Hölder factors of A[l] are not isomorphic as Fl〈σ〉-modules. Let
λ¯ 6= λ be another prime above l. Then A[λ]∩A[λ¯] = 0, and so by the above argument
it follows that A[λ¯] = V . Hence A[l] = A[λ]⊕A[λ¯]. 
Theorem 1.2 is an immediate consequence of the following.
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Theorem 2.15. Suppose g is odd and p = 2g + 1 is a prime such the index of 〈2〉 in
(Z/pZ)∗ is at most 2. Suppose A/K is principally polarised and there is an element
of order p in Gal(K(A[2])/K). Then one of the following holds:
(1) E = End0(A) is a number field, and either
a) 2 is totally inert in E/Q, or
b) there are two distinct primes above 2 with equal inertia degree in E.
(2) Gal(L/K) contains an element of order p, and A is isogenous over K¯ to the
self product of an absolutely simple abelian variety with complex multiplication
by a proper subfield of Q(ζp).
Furthermore, if 〈2〉 = (Z/pZ)∗, then case 1b) does not occur.
Proof. Immediate from Theorems 2.9 and 2.14. 
3. Bounds on the minimal field of definition
In order to prove Theorem 1.5, we shall need some results from the representation
theory of finite groups.
Let G be a finite group. Let X be a finite set which G acts on transitively. Suppose
l does not divide |X| = n. Let Fl[X] denote the permutation module associated to this
action over Fl. The submodule given by 〈
∑
b∈X b〉 is easily seen to be isomorphic to the
trivial module, and owing to the fact that l - n, we have a direct sum decomposition
of Fl[G]-modules:
Fl[X] ∼= Fl[X]0 ⊕ Fl.
Lemma 3.1. Let b ∈ X and suppose Gb the stabiliser of b has s orbits on X \ {b}.
Then dimFl EndG(Fl[X]
0) ≤ s.
Proof. By Lemma 7.1 of [Pas68], we have that dimFl EndG(Fl[X]) = s+ 1. Now due
to the isomorphism of Fl[G]-modules,
Fl[X] ∼= Fl[X]0 ⊕ Fl
we have dimFl EndG(Fl[X]
0) ≤ s. 
In the following we shall denote the roots of a polynomial f by Rf , and if f is
square-free, then we denote by Cf a smooth projective model of the smooth affine
curve y2 = f(x), and its Jacobian by Jf .
Proposition 3.2. Let f ∈ K[x] be a polynomial of odd degree n such that G =
Gal(K(f)/K) acts transitively on Rf . Suppose α ∈ Rf and its stabiliser Gα has s
orbits on Rf \ {α}.
Then dimQ
(
End0K(Jf )
) ≤ s. In particular, if Gal(K(f)/K) acts doubly transitively
on the roots of f , then EndK(Jf ) ∼= Z.
Proof. First, let us note |Rf | = n. As Gal(K(f)/K) acts transitively on Rf and Gα
has s orbits on Rf \ {α}, with n odd, we may apply Theorem 5.1 of [Zar01] and
Lemma 3.1 to find that dimF2 (EndGK (Jf [2])) ≤ s. Observe
F2 ⊆ EndK(Jf )⊗ Z/2Z ⊆ EndGK (J [2]).
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It follows that dimF2 (EndK(Jf )⊗ Z/2Z) ≤ s. Thus as EndK(Jf ) is a free Z-module,
we deduce dimQ
(
End0K(Jf )
) ≤ s. 
Before proving our next result, we shall recall some standard facts on Frobenius
groups and make a few remarks on the minimal field of definition for the endomor-
phisms of an abelian variety.
A finite group G is said to be a Frobenius group if G contains a subgroup H called
the Frobenius complement such that
H ∩ gHg−1 = {1} for all g ∈ G \H.
Frobenius proved that for such groups there exists a normal subgroup K of G such
that G ∼= K oH. Left multiplication by elements of G on X, the set of left cosets of
H, gives rise to a transitive action and the above condition tells us that the identity
is the only element which fixes two or more elements of X. Hence, this action is at
most doubly transitive and the stabiliser Gb of a point b ∈ X has no fixed points in
X \ {b}. Furthermore, it is well know that this action is doubly transitive if and only
if |G| = |K|2 − |K|. In this case, it can be shown that K is a p-elementary group
[Pas68, Propositon 8.4], and hence K may be regarded as an Fp vector space and G
as a subgroup of the affine general linear group on this vector space.
Examples of Frobenius groups include Fq = Fq o F×q ∼= AGL(1, q), Dn for n odd,
and C211o SL2(5), with Frobenius complements F×q , a subgroup of order 2 and SL2(5)
respectively.
Lemma 3.3. Let G = K oH be a Frobenius group with complement H and order
|K|2 − |K|. Suppose U is a subgroup of G of order |K|2−|K|d , where d is a positive
integer dividing |K| − 1.
Then U acts transitively on X, the set of left cosets of H, and a point stabiliser Ub
has exactly d orbits on X \ {b}.
Proof. As UH = G, we have U acts transitively on X. For the second statement,
observe that the non-identity elements of Ub act fixed point freely on X \ {b}. Thus
applying Burnside’s Lemma, we find the number of orbits of Ub on X \ {b} is equal to
1
|Ub|
∑
g∈Ub
|Fix(g)| = d|K| − 1(|K| − 1) = d.

Recall that we have an injection of abstract groups
Gal(L/K) ↪→ Aut (End(Jf ))
where L/K is the minimal extension over which all endomorphisms of Jf are defined.
In particular if E = End0(Jf ) is a number field, then Gal(L/K) ↪→ Aut(E) and so
|Gal(L/K)| divides [E : Q].
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Theorem 3.4. Let f ∈ K[x] be a polynomial of odd degree n with Galois group
isomorphic to a Frobenius group G of order n(n− 1).
Suppose E = End0(Jf ) is a number field of dimension s over Q. Then E/Q is
Galois, with Gal(E/Q) isomorphic to a quotient of H the Frobenius complement of G.
Furthermore, L/K is an extension of degree s contained in K(f), and as abstract
groups, Gal(L/K) ∼= Gal(E/Q).
Proof. By the above, we have that |Gal(L/K)| divides s. Thus [L : K] ≤ s and
L∩K(f) ⊆ F for some F , where F/K is an extension of degree s contained in K(f).
Let F ′ = L ∩K(f). By the above F ′/K an extension contained in F of degree d
for some d ∈ N dividing s. By Lemma 3.3, the group Gal(K(f)/F ′) ∼= Gal(L(f)/L)
acts transitively on Rf , and the stabiliser of a point α ∈ Rf , has d many orbits on
Rf \ {α}. Thus, by Proposition 3.2 we have that
s = dimQ End
0(Jf ) = dimQ End
0
L(Jf ) ≤ d.
Hence d = s, and L ∩K(f) = F . But [F : K] = s and [L : K] ≤ s, so we find that
L = F .
Finally, as |Aut(E)| ≤ s the injection of abstract groups Gal(L/K) ↪→ Aut(E) from
above is actually an isomorphism. Whence we deduce that |Aut(E)| = s = [E : Q]
and so E/Q is Galois. We may now conclude using that Gal(L/K) = Gal(F/K) is
isomorphic to a quotient of the Frobenius complement of G. 
Corollary 3.5. Let q be an odd prime power. Let f ∈ K[x] be a polynomial of degree
q with Galois group Fq = Fq o F×q ∼= AGL(1, q).
Suppose E = End0(Jf ) is a number field of dimension s over Q. Then E/Q is
Galois, Gal(E/Q) ∼= Z/sZ and L is the unique extension F/K of degree s contained
in K(f).
Proof. The result follows immediately from Theorem 3.4, by noting that Fq is a
2-transitive Frobenius group with cyclic Frobenius complement. 
Example 3.6. In the table below we give examples of the above theorem. We denote
by Q(ζp)+ the maximal totally real subfield of the p-th cyclotomic field Q(ζp). We
also write Lf for the minimal field over which Jf and its endomorphisms are defined.
See also the table at the end of Section 1 for more examples of Corollary 3.5.
Gal(f) End0(Jf ) Lf f(x)
F7 Q(ζ7)+ Q(ζ7)+ x7 − 7x5 + 14x3 − 7x− 13
F11 Q(ζ11)+ Q(ζ11)+ x11 − 22x9 + 176x7 − 616x5 + 880x3 − 352x− 88
F13 Q(ζ13)+ Q(ζ13)+ x13 + 13x11 + 65x9 + 156x7 + 182x5 + 91x3 + 13x− 2
F17 Q(ζ17)+ Q(ζ17)+ x17 + 17x15 + 119x13 + 442x11 + 935x9+
1122x7 + 714x5 + 204x3 + 17x− 1
F19 Q(ζ19)+ Q(ζ19)+ x19 + 19x17 + 152x15 + 665x13 + 1729x11+
2717x9 + 2508x7 + 1254x5 + 285x3 + 19x− 1
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Proposition 3.7. Let f ∈ K[x] be an irreducible polynomial of odd degree n with
Galois group Dn.
Suppose E = End0(Jf ) is a number field of dimension n − 1 over Q. Then L
contains the unique extension F/K of degree 2 contained in K(f).
Proof. The proof is similar to that of Theorem 3.4. Indeed, [L : K] divides n− 1, so
L ∩K(f) ⊆ F .
Let F ′ = L∩K(f). By the above either F ′ = K or F ′ = F thus F ′/K is an extension
of degree d diving 2. As Dn is a Frobenius group, Gal(K(f)/F ′) ∼= Gal(L(f)/L) acts
transitively on Rf , and the stabiliser of a point α ∈ Rf , is cyclic of order 2/d, and
has n−12/d =
d(n−1)
2 many orbits on Rf \ {α}. Thus, by Proposition 3.2 we have that
n− 1 = dimQ End0(Jf ) = dimQ End0L(Jf ) ≤
d(n− 1)
2
.
Hence d = 2, and L ∩K(f) = F . 
To finish the proof of Theorem 1.5, we require the following observation.
Proposition 3.8. The Galois group of L/K, the minimal extension over which all
endomorphisms of A are defined, fits into the exact sequence
0→ H → Gal(L/K)→ Gal(K(A[2])/K),
where H is a subgroup of an elementary abelian 2-group.
Proof. By Silverberg’s result [Sil92, Theorem 4.1], we have that L is contained
in K(A[4]). Furthermore, Gal(K(A[2])/K) and Gal(K(A[4])/K) are subgroups of
GL2g(Z/2Z) and GL2g(Z/4Z) respectively. Thus, as the following sequence is exact
0→ I2g + 2M2g(Z/4Z)→ GL2g(Z/4Z)→ GL2g(Z/2Z)→ 0
and I2g+2M2g(Z/4Z) ∼= M2g(Z/2Z) is an elementary abelian 2-group (under addition)
we are done. 
Corollary 3.9. Let f ∈ K[x] be an irreducible polynomial of degree n with Galois
group Dn and n ≡ 3 mod 4.
Suppose E = End0(Jf ) is a number field of dimension n− 1 over Q. Then L is the
unique extension F/K of degree 2 contained in K(f).
Proof. As Jf is absolutely simple, [L : K] divides n−1. But the order of Gal(K(f)/K) =
Gal(K(Jf [2])/K) is 2n, so by Proposition 3.8 we have that Gal(L/K) is a 2-group.
Since 4 does not divide n− 1, it does not divide [L : K] either. Thus [L : K] ≤ 2.
Hence, applying Proposition 3.7 we find L = F . 
Proposition 3.10. Suppose A/K is an abelian surface with CM by a degree 4 field
and 2 - [K(A[2]) : K]. Then [L : K] ≤ 2 and K contains a real quadratic field.
Proof. By assumption E = End0(A) is a degree 4 CM field. Let us note that as A
is absolutely simple it has primitive CM type [Shi98, §8.2, page 60]. By [Shi98, §8.4
Examples, pages 63-65] there are only two such CM types for a genus 2 curve. One of
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which is not Galois and the other is cyclic of degree 4. The minimal field of definition
of the endomorphisms is L = E∗K the compositum of K and the reflex field of E,
see [Shi98, Proposition 30, page 65].
In the non-Galois case, [Shi94, Proposition 5.17(5), page 131] gives us that K
contains the real quadratic subfield of the reflex field, and thus also [L : K] ≤ 2. In
the other case, the reflex field E∗ is equal to E = End0(A). As [L : K] divides 4 the
image of Gal(L/K) in Gal(K(A[2])/K) is trivial, thus by Proposition 3.8 we have
that Gal(L/K) has exponent dividing 2. Hence Gal(L/K) is isomorphic to either
the trivial group, C2, or C2 × C2. If Gal(L/K) ∼= C2 × C2 held, then E∗ = E would
have Galois group Gal(E∗/Q) ∼= C2 × C2, but this implies the CM type of A is not
primitive [Shi98, §8.4 Examples, 2A, page 64], contrary to what we have shown. Thus
[L : K] ≤ 2, and as E contains a real quadratic subfield, we see that K must too. 
Proposition 3.11. Suppose A/K is an abelian surface and Gal(K(A[2])/K) ∼= C5.
Then [L : K] ≤ 2.
Proof. By Theorem 2.10, we have that End0(A) is either isomorphic to Q, a real
quadratic field, or a degree 4 CM field. In the first two cases [L : K] ≤ 2 follows from
the discussion before Theorem 3.4, and in the last case it follows from Proposition
3.10. 
Corollary 3.12. Let A be as in Proposition 3.11. If A has CM, then K contains a
real quadratic field with discriminant congruent to 5 modulo 8.
Proof. By Proposition 3.10, K contains a real quadratic field. Let us now show the
discriminant condition. Recall that discriminant of a real quadratic field is congruent
to 5 modulo 8 if and only if 2 is inert. Theorem 1.3 gives us that 2 is inert in E/Q,
thus in the case that E is Galois, the claim follows immediately by the above.
Let us suppose that E is not Galois. Write Q(
√
d) for the real quadratic subfield of
E, with d ≡ 5 mod 8 square-free (and hence equal to the discriminant of Q(√d)).
The reflex field of E is also not a Galois extension of Q, and has a totally real subfield
Q(
√
d′), where d′ 6= d is square-free [Shi98, 8.4 Examples, 2C]. By what we have
already shown above, it suffices to prove d′ ≡ 5 mod 8.
The number field M obtained as the compositum of E and its reflex E∗ is a Galois
extension of Q, with Galois group Gal(M/Q) ∼= D4 of order 8. We claim that 2 splits
in M/Q and each prime above 2 has inertia degree 4. As 2 is inert in E/Q, it suffices
to show 2 splits in M/Q. We shall rule out the other possibilities. Let D denote the
decomposition group of a prime above 2 in M . Note that as D4 is not cyclic, 2 is
not totally inert in the extension M/Q. Next, suppose 2 ramifies in M/Q, then by
comparing orders, we see D is isomorphic to D4, but as the inertia degree is 4, it
also has a cyclic quotient of order 4, which D4 does not. Thus 2 is not ramified in
the extension M/Q. We deduce that D is isomorphic to the unique degree 4 cyclic
subgroup of D4.
By examining the subgroup structure of D4, we see the subfield fixed by D is
Q(
√
dd′) the quadratic subfield of M not contained in E or E∗. By definition of D
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we have that 2 splits in Q(
√
dd′). Equivalently, dd′ ≡ 5d′ ≡ 1 mod 8, from which it
follows that d′ ≡ 5 mod 8.

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